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Inflation and the dwarf galaxy problem
Jun’ichi YOKOYAMA
Department of Earth and Space Science, Graduate School of Science,
Osaka University, Toyonaka 560-0043, Japan
Cosmological N-body simulations with scale-invariant initial perturbations show too many virialized objects of dwarf-galaxy
masses in a typical galactic halo in contradiction to observation and stability of galactic discs. We present a model of double
hybrid inflation which predicts density fluctuations with a small-scale cutoff to account for the absence of these objects in
observations.
PACS Numbers: 98.80.Cq OU-TAP 142
I. INTRODUCTION
Inflationary cosmology [1,2] has strongly influenced the study of cosmological structure formation for these two decades,
because its simplest versions predict a rather specific universe with a vanishingly small spatial curvature and scale-invariant
adiabatic fluctuations [3]. The standard models of structure formation today starts with these initial conditions and assume
that dominant material contents is cold dark matter (CDM) and a cosmological-constant-like energy of unknown origin.
The standard ΛCDM model has proved remarkably successful in explaining various observational data. In this model the
gravitational clustering process is governed by the dark matter component and the baryons do not play important roles. Since
gravity is a scale-free force by nature, we would end up with a hierarchical universe if we started with the scale-invariant
primordial fluctuations. In such a universe, galaxy halos would appear as scaled versions of clusters of galaxies. That is,
just as clusters are associated with thousands of substructure clumps with a steep mass spectrum, we expect many virialized
substructures of dwarf-galaxy-scales in galactic halos. Indeed, such substructures are shown to be produced on the relevant
scale by recentN-body simulations with higher resolution in the standard ΛCDM model [4,5] in contradiction with observation
around our galaxy. Analytic calculations also suggest that galaxies should contain more satellites than observed [6]. One
may wonder that this discrepancy is simply due to the fact that these satellites are too dark to be observed. The situation,
however, is not that simple because these satellites would affect stability of galactic disks [7]. Hence the problem may not be
solved by an adjustment of the mass-to-light ratio.
Recently, Kamionkowski and Liddle [8] proposed that the dearth of substructure in galactic halos might be simply due to
the lack of small-scale power of initial fluctuations. They have shown that the discrepancy can be resolved if there is a cutoff
at the comoving wavenumber k ≃ 4.5hMpc−1 ≡ kc and if the amplitude of smaller-scale perturbation is more than, say, 10−2
times smaller than that on larger scale. They have also argued that such a spectrum could be produced if the slope of the
inflaton’s potential had a discontinuity. While the spectrum of fluctuations produced in such a broken-scale-invariance model
has been elegantly studied by Starobinsky [9], there is no particle-physics motivation for considering a scalar potential with
its first derivative discontinuous. It would be much better to realize the same feature with a smooth potential.
In the present paper we propose an inflation model with the desired spectrum in which the scalar potential is a smooth
function of simple polynomials. We consider a kind of double inflation model [10–12]. Scales probed by large-scale structures
and cosmic microwave background (CMB) radiation leave the Hubble radius during the first inflation stage when almost
scale-invariant fluctuations with magnitude of order of 10−5 are produced, while smaller scales leave the horizon during the
second inflation with the amplitude of perturbation smaller than 10−7. Since the spectrum of fluctuations generated near
the end of slow-roll inflation models such as new [13] and chaotic [14] inflation deviates from the scale-invariant one severely
[11], they cannot be a model for the first inflation. Indeed the desired cutoff scale is so close to those probed by large-scale
structure and CMB anisotropy that we must arrange the first inflation to terminate abruptly, in a time scale smaller than
the expansion time. We adopt the hybrid inflation model [15] for this purpose. As shown in [15], hybrid inflation can end
abruptly with a “waterfall” of a symmetry-breaking scalar field χ, whose potential energy drives inflation while its dynamics
is controlled by another scalar field φ. We assume that the former field is also coupled to the inflaton field of the second
inflation and it sets an appropriate initial condition for the second inflation so that its number of e-folds is controlled in order
to ensure the scale of the cutoff lies at the right scale.
The reset of the paper is organized as follows. In §II we describe our model Lagrangian and outline the scenario of cosmic
evolution. More detailed analysis and constraints on the model parameters are given in §III. §IV is devoted to discussion and
conclusion.
1
II. MODEL
We consider a double hybrid inflation model. We introduce two complex scalar fields, χ1 and χ2, which induce a series of
symmetry-breaking phase transitions, and two real scalar fields, φ1 and φ2, that control the dynamics of χ’s. The scalar part
of our model Lagrangian is given as follows.
L ≡ (∂χ1)† ∂χ1 + 1
2
(∂φ1)
2 + (∂χ2)
† ∂χ2 +
1
2
(∂φ2)
2 − V (χ1, φ1, χ2, φ2), (1)
V (χ1, φ1, χ2, φ2) ≡ V1(χ1, φ1) + V2(χ2, φ2) + U(χ1, φ2), (2)
V1(χ1, φ1) =
1
2
m21φ1
2 +
λ1
2
(
|χ1|2 − v21
)2
+ g21φ1
2|χ1|2, (3)
V2(χ2, φ2) =
1
2
m22φ2
2 +
λ2
2
(
|χ2|2 − v22
)2
+ g22φ2
2|χ2|2, (4)
U(χ1, φ2) = −1
2
h2
(
|χ1|2 − v21
)
φ2
2 + h2
(
|χ1|2 − v21
)
σφ2, (5)
where g1, g2, λ1, λ2 and h are dimensionless coupling constants, andm1, m2, v1, v2 and σ are constants with mass dimension.
Obviously, V1 and V2 have the same structure with an appropriate form for hybrid inflation. We assume that V1 is at higher
energy scale than V2 and U . Then it drives the first inflation and V2 and U do not affect the dynamics of χ1 and φ1 in this
epoch.
Under the above assumption, evolution of the universe proceeds as follows. The first and the second derivatives of V1 with
respect to χ1 read
∂V1
∂χ1†
= λ1
(
|χ1|2 − v21
)
χ1 + g
2
1φ1
2χ1, (6)
∂2V1
∂χ1∂χ1†
≡M2χ1 = λ1
(
2|χ1|2 − v21
)
+ g21φ1
2, (7)
respectively. Hence if g21φ1
2 > λ1v
2
1 holds initially, χ1 has the global minimum at χ1 = 0. We further take an initial condition
such that Mχ1 is larger than the Hubble parameter and χ1 settles to χ1 = 0 in the expansion time scale. Then the hybrid
inflation is driven by the vacuum energy density of χ1 with some contribution from the mass term of φ1, which turns out to
be small in the late stage of inflation and we neglect it hereafter. Thus the Hubble parameter, H , reads
H2 ∼= 8pi
3M2Pl
V1 ∼= 4piλ1v
4
1
3M2Pl
≡ H21 . (8)
In this regime, the first and the second derivatives of V with respect to φ2 are given by,
∂V
∂φ2
= m22φ2 + 2g2|χ2|2φ2 + h2v21(φ2 − σ), (9)
∂2V
∂φ2
2
≡M2φ2 = m22 + 2g22 |χ2|2 + h2v21 . (10)
Hence it has a minimum at
φ2 = φ2m ≡ h
2(v21 − |χ1|2)
h2(v2
1
− |χ1|2) + 2g22 |χ2|2 +m22
σ ∼= σ (11)
to which φ2 is anchored provided M
2
φ2
> H21 at φ2 = φ2m.
Then, assuming g22σ
2 > λ2v
2
2 , χ2 relaxes to χ2 = 0 ifM
2
χ2
> H21 . Thus in this period we find χ1 = χ2 = 0 and φ2 = φ2m ∼= σ.
On the other hand, φ1 evolves slowly as
φ1 ∝ exp
(
− m
2
1
3H2
1
H1t
)
, (12)
until it reaches the critical value φ1c ≡
√
λ1v1/g1 when χ1 = 0 becomes unstable to trigger the phase transition of χ1.
The amplitude of curvature fluctuation generated on comoving scales that leave the horizon during the first inflation is
given by
Φ =
3
5
H1
2piφ1
3H21
m2
1
, (13)
2
in the matter dominated era, and the spectral index reads
ns = 1 +
2m21
3H2
1
. (14)
The COBE observation [16], which probes the comoving scale about e5.6 times larger than the desired cutoff scale, 2pi/kc,
constrains Φ and ns as
Φ =
9H31
10piφ1∗m21
≃ 3× 10−5, (15)
ns = 1.2± 0.3, (16)
with
φ1∗ ≡ φ1c exp
(
5.6m21
3H2
1
)
=
√
λ1v1
g1
exp
(
5.6m21
3H2
1
)
. (17)
For φ1 < φ1c, the minimum of χ1 is located on a circle with
|χ1|2 = |χ1m|2 ≡ v21 − g
2
1
λ1
φ1
2 =
1
λ1
M2χ1(χ1 = 0). (18)
But χ1 does not fall to this minimum immediately, because the dynamics of χ1 is governed by quantum fluctuations intrinsic
to an exponentially expanding spacetime during |M2χ1(χ1 = 0)| <∼ H21 [17]. Since we need to terminate the first inflation
abruptly, we request the time elapsed during |M2χ1(χ1 = 0)| <∼ H21 is much smaller than the expansion time H−11 . Then χ1
practically traces the evolution of χ1m, where φ1 acquires a large mass,
M2φ1 = m
2
1 +
g21
λ1
M2χ1(χ1 = 0). (19)
Thus, unless g21 ≪ λ1, φ1 rolls down to the origin immediately to terminate the phase transition and χ1 relaxes to χ1 = v1.
In this short period, φ2m also shifts from σ to zero. However, it does not change practically until h
2(v21 − |χ1m|2) has
become smaller than m22. At this time M
2
φ2
has already decreased to be much smaller than H21 , so that φ2 does not trace the
evolution of φ2m but remains at σ practically.
Thus after the first inflation both φ1 and χ1 dissipate their energy through oscillation while χ2 and φ1 are frozen at 0
and σ, respectively. Then the universe is soon dominated by the vacuum energy density of χ2 (= 0) and the second hybrid
inflation sets in. In this regime the amplitude of curvature perturbation must be much smaller than 10−5 and the number
of e-folds should be around N2 ≃ 50 − 55, so that the cutoff of fluctuation spectrum lies at around k = 4.5hMpc−1. Here
the precise value of N2 depends on both the scale of the second inflation and on the history of the universe after that, in
particular, on whether a mini-inflation like thermal inflation occurs [18]. For definiteness, we take N2 = 50 hereafter.
The second inflation ends as φ2 gets smaller than φ2c ≡
√
λ2v2/g2 and χ2 becomes unstable. Hence the maximum amplitude
of curvature fluctuations generated in this stage is given by
Φ =
g2H
3
2
pi
√
λ2v2m22
, (20)
measured at the horizon crossing in the radiation era after inflation. It should be smaller than, say, 10−7 for our purpose.
The universe is reheated by the decay of χ2. Since we do not need to have tiny dimensionless coupling constants in hybrid
inflation, the reheat temperature can be much higher than the weak scale to accommodate baryogenesis [19].
After the two inflations and the two phase transitions, we have two networks of cosmic (global) strings, one on comoving
horizon scale at the end of inflation with energy scale v2 and the other on e
N2 times larger scale with energy scale v1. These
strings are cosmologically harmless as long as v1 and v2 are smaller than 7× 1014GeV [20]. This is why we have assumed χ1
and χ2 are complex fields rather than real fields. We would have encountered a fatal domain wall problem in the latter case.
III. DETERMINATION OF MODEL PARAMETERS
Having outlined the evolutionary scenario of the universe in our model, we now consider constraints on the model parameters.
First we study constraints obtained from the first and the second inflation in order to produce the desired spectrum in turn.
Then we consider the consistency conditions so that evolution of the universe proceeds as outlined in the previous section and
that only one field contributes to density fluctuations at each epoch.
3
A. Constraints on V1 from the first inflation
Define a dimensionless parameter
α1 ≡ 100m
2
1
3H2
1
, (21)
then we find
α1 < 10, (22)
from (14) and the constraint on the spectral index (16).
Then from the amplitude of fluctuations (15), the scale of the first inflation is determined as
v1 = 4.9× 10−7g−11 α1e0.056α1MPl, (23)
From v1 <∼ 7× 1014GeV, we find
g1 > 8.4× 10−3α1e0.056α1 . (24)
(21) and (23) determines m1 as
m1 = 2.7× 10−13λ
1
2
1
α
5
2
1
e0.11α1MPl. (25)
From the dominance of the vacuum energy density of χ1, or
λ1
4
v41 ≫ 12m
2
1φ
2
1∗, (26)
we find
g1 ≫ 7.5× 10−4λ
1
4
1
α
3
4 e0.056α1 . (27)
Since we are assuming that χ1 has been anchored at the origin by the time φ1 reaches φ1∗, we require
M2χ1 = g
2
1φ
2
1∗ − λ1v21 + 1
2
h2σ2 > H21 (28)
which yields
g1 > 1.0× 10−6α1e0.056α1
(
e0.056α1 − 1
)− 1
2 , (29)
where contribution of h2σ2/2 is neglected. As φ1 decrease to φ1c, χ1 = 0 becomes unstable and a phase transition is triggered.
We require this transition should occur abruptly, that is, the time elapsed from M2χ1 = H
2
1 to M
2
χ1
= −H21 , which we denote
by ∆t, should be much smaller than the expansion time. That is,
H1∆t ∼= 3H
2
1
2m2
1
ln
∣∣∣∣λ1v
2
1 +H
2
1
λ1v21 −H21
∣∣∣∣ ∼= 3H
4
1
λ1v21m
2
1
=
4pi
3
λ1v
6
1
m2
1
M4Pl
≪ 1. (30)
Here the second approximate equality applies because v1 <∼ 7× 1014GeV holds. From (23) and (25), this yields
H1∆t = 1.0 × 10−10g−21 α1e0.11α1 ≪ 1, (31)
or
g1 ≫ 1.0 × 10−5α
1
2
1
e0.056α1 . (32)
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B. Constraints on V2 and U from the second inflation
Since φ2 is proportional to exp
(
− m22
3H2
2
H2t
)
during the second inflation, we find
N2 =
3H22
m2
2
ln
(
g2σ√
λ2v2
)
=
2piλ2v
4
2
m2
2
M2
Pl
ln
(
g2σ√
λ2v2
)
. (33)
Let us take the logarithmic factor
ln
(
g2σ√
λ2v2
)
= 2, (34)
for definiteness. Then (20) reads
Φ = 25
√
2
27pi
g2v2
MPl
≡ 25
√
2
27pi
× 10−8α2 = 3.8× 10−8α2, (35)
with α2 being a constant of order of unity or smaller. Then v2 is determined as
v2 = 10
−8α2g
−1
2 MPl. (36)
Now v2 <∼ 7× 1014GeV implies
g2 > 1.7 × 10−4α2. (37)
We also find
m2 = 5.0× 10−17α22g−22
√
λ2MPl, (38)
from (33) and
σ = 1.4× 10−9α2g−22
√
λ2MPl, (39)
from (34). From the dominance of the vacuum energy of χ2, λ2v
4
2/4≫ m22φ22/2, we find
g2 ≫ 3.1× 10−5α
1
2
2
, (40)
using (36)-(39). Finally, the mass-squared of χ2 at the origin reads
M2χ2(χ2 = 0, φ2 = σ) = (e
4 − 1)λ2v22 = 5.4× 10−15λ2α22g−22 M2Pl, (41)
under our choice of the logarithmic factor (34). This should be larger than the Hubble parameter-squared,
H22 =
2piλ2v
4
2
2M2Pl
= 2.1× 10−32λ2α42g−42 M2Pl, (42)
so that χ2 is anchored at the origin. This results in a very mild constraint on g2;
g2 > 2.0 × 10−9α2. (43)
C. Consistency conditions
Here we study constraints on V2 and U from the first inflation and those on V1 from the second inflation, so that our
scenario works consistently.
During the first inflation each term of V2 and U should be much smaller than λ1v
4
1/4. From λ1v
4
1/4≫ λ2v42/4, we find
Γ ≡ λ1v
4
1
λ2v42
= 5.9× 106 λ1g
−4
1
α41e
0.22α1
λ2g
−4
2
α4
2
≫ 1, (44)
and from λ1v
4
1/4≫ h2v21σ2/2, we obtain
λ1g
−2
1 α
2
1e
0.11α1 ≫ 8.2× 10−6λ2g−42 α22h2. (45)
5
We also require M2χ2 > H
2
1 and M
2
φ2
> H21 at their respective minima so that these fields are fixed there. The former
constraint reads
λ2g
−2
2 α
2
2 > 4.5× 10−11λ1g−41 α41e0.22α1 , (46)
while the latter implies
h2 > 1.0× 10−12λ1g−21 α21e0.11α1 . (47)
On the other hand, χ1 and φ1 must be fixed at their ground states during the second inflation. Hence we requireM
2
χ1
(χ1 =
v1, φ1 = 0) > H
2
2 and M
2
φ1
(χ1 = v1, φ1 = 0) > H
2
2 . The former is automatically satisfied because M
2
χ1
= λ1v
2
1 ≫ H21 ≫ H22 ,
and the latter turns out to be a very weak constraint on λ2 and g2;
λ2g
−4
2 < 2.3× 1019α21α−42 . (48)
D. Determination of model parameters: An example
Having shown all the necessary conditions we now demonstrate there is a wide range of allowed region in the parameter
space. So far we have found four lower bounds on g1 in IIIA and three lower bounds on g2 in IIIB. On the other hand,
constraints obtained in IIIC are more complicated, so let us take λ1g
−2
1
= 1 and λ2g
−2
2
= 1 for illustration. These choices are
also consistent with our assumption that g21 (g
2
2) is not much smaller than λ1 (λ2).
Then (45) through (48) read, respectively,
g2 ≫ 2.9× 10−3α−11 e−0.056α1α2h, (49)
g1 ≫ 6.7× 10−6α21e0.11α1α−12 , (50)
h > 1.0× 10−6α1e0.056α1 , (51)
g2 > 2.1× 10−10α−11 α22. (52)
All of the constraints shown so far are so mild that it is easy to choose a consistent set of parameter values. Here we merely
give an example. Let us take Γ not so big, say Γ = 25, so that the second inflation sets in soon after the end of the first one
and that the intermediate period is unimportant. Let us further take α1 = 0.1 and α2 = 1. Then Γ = 25 implies g2 = 0.21g1
under the choice λ1g
−2
1
= λ2g
−2
2
= 1.
Now all the constraints turn out to be those on g1 and h, which are summarized as
g1 > 8.4 × 10−4, (53)
g1 ≫ 1.5 × 10−4, (54)
g1 ≫ 0.14h, (55)
h≫ 1.0 × 10−7. (56)
The scale of inflation then read
v1 = 5.9× 1011g−11 GeV, (57)
v2 = 5.7× 1011g−11 GeV, (58)
together with λ2 = 4.4× 10−2λ1 = 4.4 × 10−2g21 . Other mass scales of the model are given by
m1 = 10g1TeV, (59)
m2 = 2.9g1TeV, (60)
σ = 8.0× 1010g−11 GeV. (61)
If we take g1 = 0.1, for example, all the dimensionless coupling constants take natural values and v1 and v2 fall on the
typical symmetry breaking scale for the axion [21].
6
IV. CONCLUSION
In the present paper we have presented a simple model of double inflation that can realize a spectrum of density fluctuation
with a small-scale cutoff at the comoving wavenumber at kc ≃ 4.5hMpc−1 in order to explain the dearth of substructure in
galactic halos. Since the spectrum of density fluctuations generated in the late stage of new and chaotic inflation models
deviates from the scale-invariant one significantly, we adopted the hybrid inflation model for the first inflation which is
responsible for fluctuations on scales probed by large-scale structures and CMB anisotropy. We have also made use of the
hybrid inflation model for the second inflation because it is easy to control the energy scale of inflation in this model.
Since each hybrid inflation requires at least two scalar fields, our model includes four scalar fields as a double hybrid
inflation model. In this sense our model is somewhat complicated, but our scalar potential consists of a polynomial up to
only fourth order and all the parameters take natural magnitudes. There are, however, two unwanted features in this model.
In concluding the paper, we point them out and mention possible resolutions in turn.
One is the problem of initial condition. It has been discussed that only a tiny fraction in the field configuration space can
give rise to successful hybrid inflation, because φ rolls down the potential rapidly if χ is too large initially [22]. The resolution
to this problem has recently been proposed [23], which introduces more fields or brane cosmology.
The other is the linear interaction term of φ2 in (5), which is required in order to shift the potential minimum of φ2 out of
φ2 = 0 during the first inflation. There is no particle-physics motivation to introduce this type of direct linear coupling. But
such a term is effectively induced naturally in more complicated classes of supergravity inflation models [12].
The purpose of the present paper was to make the simplest possible toy model to realize the desired spectral shape of
primordial density fluctuations in order to stress the essential ingredients of the model. In a forthcoming paper we present a
more realistic supergravity model to realize the same spectral feature.
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